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COHOMOLOGY OF NILRADICALS OF BOREL SUBALGEBRAS

BY

GEORGE F. LEGER AND EUGENE M. LUKS(l)

ABSTRACT. Let 31 be the maximal nilpotent ideal in a Borel subalgebra of

a complex simple Lie algebra. The cohomology groups H\% 91). H (3¡, 3Í*) and

the 31-invariant symmetric bilinear forms on 3! are determined. The main result

is the computation of H (31,31).

1. Introduction.  In his well-known paper [2] Professor Kostant has given an

algebraic description of the cohomology group /i*(S, V) where ffl is the maximal

nilpotent ideal of a parabolic subalgebra of a complex simple Lie algebra g and

V is an Sl-module obtained by restriction to ÏÏ1 of an irreducible g-module.  In

the course of lectures on this and related matters Professor Kostant pointed out

the problem of computing the cohomology group //*(ï!, ffl) and stated (indeed it is

written in the introduction to [2]) that he knew //KSt, 3c) where 3c is the maximal

nilpotent ideal of a Borel subalgebra of g.   As a result of other work on deriva-

tions of Lie algebras we had also obtained H 01, 31) and we describe this set

easily as a consequence of our Theorem 2.4 and Kostant's [2, Theorem 5.14].

The principal goal of this paper is the computation of f/2(3l, 31). In the

course of this we determine f/1(3l, 31*) and the 31-invariant symmetric bilinear

forms on 31.  To facilitate the use of our results we give a description of these

groups in such a way that they may be read from the root system.   In [4], F.

Williams also determines Hl(3l, 31) and f/KSt, 31*) by different methods which in-

volve extending Kostant's Laplacian.

Throughout this paper g will denote a complex simple Lie algebra with fixed

Cartan subalgebra %  We shall assume a fixed linear ordering of the roots with

aj» • • • » a¡ denoting the simple roots where / is the rank of g, i.e. / = dim b,. We

shall denote the set of roots by A and the positive roots by A+.   If a = 2. ,na.
* Zsl   z    z

is in A we put |a| = 2j .n¿; |<*| is called the level of a.

1= I 3a;     3l'= I 9.,

Thus g = 31 © § © 31* and the Killing form of g puts the vector spaces 31, 31*
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in duality.   Further we shall sometimes identify 31* and Horn (31, C) by means of

the Killing form.  We choose a fixed element ea from the (one-dimensional) root

space of ci in such a way that e_a is the dual basis element of ea.  We note

that the 3t-module structure induced on g/(§ + 31) by the adjoint representation is

the same as the contragredient of the adjoint representation of 31 on itself, i.e.

-'(ad ey)(l_a) = ad ey(e_()

where y and a are in A .   Henceforth we shall use the same symbol e~       to de-

note the coset e_a + 31 in o/ït or e_a + (§+ 31) in g/(§ + 31) since the context

will always resolve the ambiguity.   As usual, we choose ha in Ç so that (h, h )

= a(h) for all h in b, where ( ,   ) denotes the Killing form of g.

2.   An exact sequence.   The Weyl group iß of 9 is generated by Sa ,•••,

S    , the reflections in the simple roots, where

1 (cl., a.)    *

and ( ,   ) denotes the Killing form of  g.   If s = S     • • • Sa.   is any element of
°ix °i

(6 then this decomposition is called reduced if any decomposition of s must in-

volve at least ; reflections.   If this is the case one defines the length l(s) = j.

Next we let <!>s = \ß   £ A+|s-1(/3) < Ol   If n(s) is the cardinality of $s then

one has n(s) = l(s). (For this see [l, especially Corollary 3, p. 158].) Further one

sees easily from (*) that if a = 2|_ n¡.a¿ is in A+ where the a¿ are simple and

the ». are in Z    and if s(a) < 0 with s £ ffl, then a reduced expression for s

must have S„.  as a factor for i for which n- ¿ 0.   Also one knows that if A =

2=lW2'a2 ̂ S tne highest root of g then ». 4 0 for every 1 < i < I. Thus we have

2.1.   Lemma.   Let \ denote the highest root in A+ and s an element of (3.

// 72(s) < / then s(X) > 0.

If 0 —♦ S^ —► 9 —»g/3l—> 0 is the exact sequence of 3l-modules arising from

the adjoint representation of 31 on g we have the usual long exact cohomology

sequence

.*

-> Him, m+Hi(% 9) - UK*, 9/5t) - • ■ ■.

2.2  Theorem.   If I > j where I = rank g then ij is surjective.

Proof.   In [2, Theorem 5.14] a basis of /i'(3l, g) is given consisting of co-

homology classes of cocycles of the form
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e*s ® ßsV        s € ®' /(s* = t

where eî  = e*   A ■ • • A e*   with o, < ff, < • • • < o\. the ordered elements of $
»S        CTJ Cy i 2 ; s

and À is the highest root in A+.  Such a cocycle is in the image z'*(Z'(3t, 3c))

provided e .   is in 31, i.e. if s\ > 0.   Thus the theorem follows at once from

Lemma 2.1 and the remarks preceding it.

Remark.   If g  is of type G, one checks that an element of the Weyl group

which maps the highest root into a negative root must have length at least three. Thus

z'*, is also surjective in this case.

2.3 Corollary.   // g is not of type A., A, or B, the sequence

0 -H1®, g/3c) -* H2m, m -+ W2(3c, g) - 0

z's exact.

The following is now immediate.

2.4 Theorem.   // / = rank g > / then the sequence

0 -* W- K3c, g/3c) — W(% 3Í) -+ H'(3c, g) -* 0

is exact.

3.   Computation of Hl(%t, 31).  In this section we assume g is not of type A.,

fot in that case 31 is one-dimensional and dim H (31, 31) = 1.

Since /i°(3c\ g/3c) = W°(3l, i¡+ 3c*) = £>, Theorem 2.4 yields the exact se-

quence

0 —, £» — //H^, 5Î) — H1^, g)-0.

For s e (fl,   l(s) = 1 if and only if s = Sa fot some simple root  a.   Thus, by

Kostant's description of H*0l, g) we see that a basis of H (51, g) is represented

by cocycles of the form e_a ® t?s (A).  This together with the above exact se-

quence gives

3.1 Theorem.   Dim /íKSc, 3c) - 2 x rank of g.

3.2 Description of the cocycles.   (i) If a. is any simple root let Da. de-
z ca-

note that derivation of 31 such that

%{eZnja¡> = nielnjaj-

Note that D    is a scalar multiple of the derivation of 31 induced by  aà(h .).

(ii) Let A denote the highest root of g.  If a is a simple root in A+ define

Da as that derivation of 31 for which

D'a(eß) = eSa(X)    if ß = a,

■ 0 otherwise.
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Note that Sa(\) is the lowest root of the form \— qa.

A basis for //H31, 31) is given by the cohomology classes of the set of co-

cycles Da, Da where O. runs through the simple roots.

4. A general result on H^(L, L*). Let L be a finite-dimensional Lie algebra

over an arbitrary field 0. Let L* denote the dual space and $(L) the L-module

of symmetric bilinear forms on L.   For a linear transformation, T, of L we define

TÄ:S(L)—cKl, L*)

via (T#f)(x)(y) = ¡(Tx, y) for x, y £ L. Define

Tö: Cl(L,L*)-+C2(L,<i>)

so that Tvg is the cup product g U T, that is (TygX*, y) = g(x)(Ty) - g(y)(Tx).

Then T0°T# = 0.  If T is a derivation of L then T#CB(L)L) C Zl(L, L*),

TU(ZKL, L*)) C Z2(L, 0) and we have induced maps

T*: %(L)L - Hl(L, L*)f     T*: Hl(L, L*)-+H2(L, 0).

4.1 Theorem.   Suppose L has a derivation T such that   IL 0 T + T ® IL

is a nonsingular transformation of L ® L.   T<&er2 rie sequence

0 -. S(L)L -4 //HL, L*) ̂ H f/2(L, <$) ̂ 0

¿s exact.

Proof.   We remark that the nonsingularity of IL® T + T ® ¡L is equivalent

to the hypothesis that the sum of two characteristic roots of T is never 0. 'In

particular, T is nonsingular on L.   It is useful to consider the transpose, T, of

IL® T +T®lL:

T: (L ®L)*-»(L® L)*.

Note that T preserves the subspaces SHE) and C2(L, 0) of symmetric and skew-

symmetric functions, respectively.  Within these $(L)   , Z2(L,^) and B2(L,<&)

are also preserved.  (For B2(L, 0), note T(Sa) = d(a ° T)).   Thus, since f is

nonsingular, / is in one of these subspaces if and only if Tf is.

The theorem follows from the following three observations:

(1) The sequence

0 _ %(L)L TJ Z\L, L*) S Z2(L, *) -» 0

is exact.

(2) T#(iB(L)L)nB1a,L*) = 0.
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(3) ru(B1(L,L*))=B2(L,$).

Proof of (1).   Tu is injective since T is surjective.   As already noted

im(r#) C ket(Tu).  Let g e ket(Tu) n Zl(L, L*). Then, for x, y e L, g(x)(Ty) =

g(y)(Tx). Thus, if f(x, y) - g(T~ !x)(y) for x, y e L, / is in S(L) and T#/ = g.

To show / £ %(L)L it suffices to show Tf e %L)L.  But Sg = 0 yields, for all

x,y,zeL

0 = 8g(x, y)(z) + 8g(x, z)(y) = (ff)([y, x], z) + (ff)(y, [z, x]) =(x • Tf)(y, z).

To show Tv(Zl(L, L*)) = Z2(L, <p), we take h e Z2(L, 0).  Let h' = f"1^)

and define g e CHl, L*) by g(x)(y) = £'(x, y).  Since ä' e Z2(L, 0), (5gX*,yXir) =

gi'(x, y, z) = 0. Thus g eZl(L,L*) and

(r,j«X*, y) = *'U Ty) + h'(Tx, y) = b(x, y).

Hence (1) is proved.

Proof of (2). Take g in CKl,L*) such that g= 5« with a e L* = C°(L, L*). Then

g(x) = x • a fot all x in L and so g(x)(y) = -a([x, y\) for x, y e L. Now if

g £ im(Tu) C ker(Tu) then

0 = (rug)U, y) = g(x)(Ty) - g(y)(Tx) = -a([x, Ty] - [y, Tx]) = -«(T[x, y]).

But T is nonsingular, so T(L ) = L .  Thus g = 0.

Proof of (3).  Let 8a e B2(L, <f>) where a e C1(i-,0)=L*.  Let b = a°T~l.

Considering 'b as an element of C (L, L*) one has Tu(8b) = Sa.

5.   Computation of H1^, 31*).  We shall apply Theorem 4.1 to 31.  Let T be

the linear transformation of 31 such that Tecr= |ff|eCT for o e A   where \o\ de-

notes the level of the root o.  Then T is a (diagonal) derivation of 31 with only

positive eigenvalues and so it satisfies the hypothesis of Theorem 4.1.   Thus we

turn our attention to !B(3t) .

5.1 Theorem. 8(31)" = 1/ e S(3c)|/(e(T, e¿ = 0 if o or r is not simplei

Before proving the above we need

5.2 Lemma.   Suppose a, ß, p are distinct roots in A    with a, ß simple and

such that CC + /S, p + a, p + ß are also in A. Then

(i) a + 2/3 4 A and p - ß e A, or

(ii) ß + 2a 4 A íZHtí" p - a e A.

Proof.   Recall that the string of roots of the form

r - to, r-(r- 1)ct, • • •, r,  r + a, >•', r + qa

with q, r nonnegative integers is called the o string containing r.   If ( ,   ) de-

notes the Killing form of g then 2(o-, r)/(o, o) = r-q. It is well known that r + q < 3.
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(1) a + 2/3 4 A or 2a + ß 4 A.

For this, 0 < (a + ß, a + ß) = (a + ß, a) + (a + ß, ß) and (a + ß, a) > 0 implies

2ot + ß 4 ¿\ since a - ß 4 A while (a + ß, ß) > 0 implies a + 2/3 /A.

(2) p - ß 4 A implies p + a + 2/3 is in A.   For this

2(p + a, |8) _ 2(a, /3)    2(p, )8) <   ,     1=   2

(/3,/3)        (/3,/S)    7/3,0)-

Thus the roots p + a, p+ a + ß, p + a + 2/3 are in A.

(3) p - ß £ A or p - a e A.

If false, i.e. if p - ß 4 A and p - a ^ A, then 2(p, a)/(a, a) < -1.   By (2),

p + a + 2/3 e A and

2(p + a+2/3, a) _ 2(p, a) | 2 | -,    2(/3, a) <_1 + 2_2 = -l
(a, a) (a, a) (a, a)  -

so A would have the roots p + a+ 2/3, p + 2a + 2/3. Since o e A implies 2o¿l\,

p can neither be added to nor subtracted from p + 2a + 2/3 with the result in

A. Thus the contradiction

0 = (P,P+2a+2/3) = 1 + 2(p, a) + 2(p, /3) < _ x

(p, p) (p, p)        (p, p)

Now suppose the lemma false so that, by (1) and (3) (after possibly inter-

changing a, ß) we have

a+2ß4a,   2<x+/3eA,   p-ß4\   p-aeA.

Since a, a + ß, 2a + ß e A, 2(a, /3)/(a, a) < -2 or (a, /3) < - (a, a). Since 2a,

2p 4 A, 0 = (p - a, p + a), or (p, p) » (a, a). Now, from (2), p + a + ß and p +

a+ 2/3 are in A. Thus

0 = (p + a, p + a+ 2/3) = (p, p) + 2(p, a) + (a, a) + 2(/3,p) + 2(a, /3)

< (a, a) + 2(p, a) + (a, a) + 2(ß, p) - 2(a, a) = 2(a+ ß, p).

Thus the   a + ß  string containing  p   cannot contain p + 2(a + ß),   i.e.

p + 2a + 2/3 4 A.

0 < (p + a+ 2/3, a) = (p, a) + (a, a) + 2(ß, a) < (p, a) - (a, a)

or

2(p, a) >2

(a, a)

This is impossible since p + a e A.

5.3 Remark.   The statement of Lemma 5.2 is similar to an observation made

about A   in [3, Remark 5.2] and the latter is, in fact, an easy corollary of the
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present statement. These properties were discovered by direct investigation of

root tables. We take this opportunity to thank Professor T. A. Springer for sug-

gesting the possibility of a unified proof.

It is interesting to note, as shown in [3], one direct consequence of Lemma

5.2 is that //2(3t, 3îr ■ 0. Here we shall see that the lemma leads to the deter-

mination of ¡8(31)" and ultimately to further information about H20l, 31).

We come now to the

Proof of Theorem 5.1. $(31) is canonically isomorphic to (3l©3c)* where©

denotes symmetric product.   Then ^0lf » (31 ©31/31 • (3c©3c))* and the statement

of the theorem translates to

3c © ft2 = 3c. (3c ©3c).

Since 31® 312 is spanned by the products e^©«?   where o, r € A+ and

max(|ff|, \r\) > 1, it suffices to show that

ea®ere3l • (31 ©31)   for a, re A+ and max(|ff|, \r\) > 1.

We proceed by backward induction on  max(|a|, |r|).

If \t\ is maximal write ceT = [ea, eA with c / 0 and a simple.   Then

eß • (ea ©ea) = [eß, eo\®ea- c(ea©eT)

so that we are done if [e , ej = 0.  If [e , ea] 4 0, o must be simple and p + a

= r = p + a so that o - a. Then   e   ■ (ea© ej = - 2Aea © er)  and the result

is proved in this case.

Now suppose the result holds for max(|o-|, \r\) > k and that |ff| < \r\ = k. If

o is not simple cea= [ea, t?s] with  a simple, c / 0 so that

ea- (es©er) = ce0.©er+ es©[ea, e,].

eS© [ea, er]  is in 31 • (3c ©31*) by the induction hypothesis and so we are done

if o is not simple.

We suppose now that o is simple.   Then r cannot be simple so we may write

ceT m [ea, eA with  a simple and c 4 0.  We have

(*) ea' iea®ei) = iea> ea]®eß+ Aea®eT), and

(") ep.- ieo-®eo)^ie^eJ®ea-cieo-®eT)-

Thus we are done if either a + o4Aotp + o4A. So we may assume

a + oe A,   p + oeA,   r = a + peA.

By Lemma 5.1 either (a) o + 2a 4 A and p - a e A, or (b) 2ff + a 4 A and

p - o e A.

In case(a) c'[ea, e(T]©e/i= ea • ([ea, ea] © eM_a) with cVO so that we are

done by (i).
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In case (b) c"^, ea]®ea = e^ • ([e^ e^]© e^^) and (ii) finishes the

proof.

With T(e¿ = \o\ep, Theorem 4.1 and 5.1 yield

5.4 Theorem.   The sequence

.* T*
O-^S^HKSl, 31*) -^H2m, C) -+0

is exact, where S = {/ € Hom(5c, 3P)|A«aXe^ = faftej and f(ea)(eT) = 0 if

either o or r is not simple] and i* is induced by the injection i: S—»Horn(91,51*).

In particular, dim Hl(% 5c*) = ^1(1 + l)+ %(l + 2)(/ - l) = I2 + I - 1.

5.5 Description of the cocycles. It is clear how S is embedded in H (31, 31*).

For the reader's convenience we have traced the embedding of //2(3c, C) in

//H5c, 51*). We first explicate the basis of H2(% C) given in [2, 5.14]. Let

a, ß be distinct simple roots in A+ and let a + rß be the highest root in the ß

string containing a. Define haß£ Z2(5c, C) so that

haß(eo-> *?- 1    it o=a + rß, r=ß,

= 0   if ío-, rj ¿ {a + rß, ßl

Observe that haß- -hßa if a. + ß 4 A+.   Taking any ordering, <, of the simple

roots, a basis of //2(5c,C) is represented by the functions

\haß\a + /Se A or a < ß and a + ß4 A}.

As in the proof of Theorem 4.1, haß gives rise to gaß £ ZH31, 31*) where

«a^O^P = 2      if c = a + r/3, r = j8,

= -1    if a = /3, r = a + r/3,

= 0      otherwise.

(Actually, with Te£r= lale^. as before, this gao is r + 2 times the function con-

structed in the proof.)  Then a basis for the image of r72(3c, C) in //K5c, 31*) is

represented by |gaJ a + ß £ l\ or a < ß and a + ß i Al.

6.  Computation of //KSI, g/31) and //2(5c, 51). We write g/5c - §+ 51*  thus

regarding § as a trivial 51-module. If / is an element of Hom(5t, 5t*) we may write

(A) AO- Z acrr*-r   foro-eA+
reA+

Then / is in the subspace S of "symmetric maps" (as in Theorem 5.4) provided

aOT = aTo- and a(Tr= 0 if either o or r is not simple.  Let

H0«{/eHom(5c, 5l*)|aCTr«0 when o 4 r and o + r4 Aj,

K1 = j/eHom(3l, Sl*)|flar-0 when o- = r or o+ r£ A}.
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Note that the basis given in 5.5 representing the image of W2(3c, C) in /7H3c,3c*)

is contained in Ky (by the choice of r, a + rß + ß 4 A).   Now let

S0 = SnH0,     S^SnKj.

Clearly S = SQ © Sj.

Let W - 2asim fe(ea). Denote by D the subspace of Hom(W, Ï)) consisting of

maps d such that d(eQ) C (¿a).

6.1 Theorem.   /VH3c, g/30 « S0 ©Hom(W, i))/D.  In particular,

dim(f/K3c, g/3c)) = (2/ - 1) + I2 - / = I2 + I - 1.

Proof.   We have the exact cohomology sequence

S* * 8*
f/°(3c,r)S HKn, tyUHlm,í) + k*)LHlm,31*) -I h2(% $.

Note first that r/Kft^) = Hom(3l/3c2, Ç) =Hom(W, Í))   and.//0(3c, 31*) »

^asimpleie-a)' With these identifications ô*,(e_a) is the map induced by ad(e ¡). Thus

we see im(S*, ) = D and so im(z'*) « Hom(W, b,)/D. We then have a short exact

sequence

0 -» Hom(W, §)/D -* f/Hft, § + 3c*) -^ ker(S*) - 0.

It remains to show that ker 5Ï = Sfl.

If / e ZK3c, 31*), we may lift / to f; 3c -> i) + 31* so that im(/) C 3c*. The

image of the cohomology class of / under 8\ is represented by F e C2(3l, §)

such that

F(ea, eT) = 8f(ea, eT) = (ea . /X^) - (e, . /)(^) - f[ea, e,].

Since im F C £) one has, referring to equation (A)

Suppose / e §0. Then F(ea, eT) = 0 unless o and r are simple and o + r e

A.   Then we may define g e CK3c, b,) so that

g([ea, eT]) = -F(ea, ef)    for all a, re A+.

Then F = Sg. Thus 5* (SQ) = 0.

It is now sufficient to prove that, if / represents a cohomology class in

ker(S* ) then / e Hn.   For then (Sj 8 H2(3l, O) n ker (S*) = 0 and the proof is

complete by Theorem 5.4.   Choose such an /. With F as before, there must be

some g e cH3c,£)) so that 8g = F.   By equation (B)

-g([ea, eT]) = a^Jie^, e_a.] - aja\eT, e_T]    fot a, re A.
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If a + r 4 A, [ea, eT] = 0 and so 0 = "aT[ea, e_a] - «ro.[er, e_f].  The result

follows now from:

6.2 Lemma.   // o and r are distinct elements of A+ then [e^, e   g.] and

[e , e_ A are linearly independent.

Proof.   Recall that hß is chosen in b, so that (h, hß) = ß(h) fot all h in %

Clearly, if o, r, o + r are in A    then A       = b   + h .  Thus if o= 2w2aa with na

> 0,  a simple, ba= 2,naba.  Since [ea, e_a] is a scalar multiple of ha the lemma

follows.

6.3 Description of the cocycles. It is clear how an element of  Hom("/, £))/D

gives rise to a class in HH5c, ^ + 5c*). However the proof did not explicitly de-

termine /*(Sq). We now indicate a basis of this set.

oQ is spanned by the functions f^ for a simple, and f\a,ßb f°r a'j8 simple

and a + ß e A+ where

/>o-) =

if a = a,

0       otherwise.

/|a,/3j(*o-)

e_o   if a» a,

[0

if o=ß,

otherwise.

Define similarly Fa, Fjaoj £ Cl&-, ^+ 5c*) so that

La   if a=a,

otherwise.
Pa(ea) =

Fia,/3|(eo-) =

(0

f ct= a,

e-a    if  °" = A

c([^, eJ - le.

\0    otherwise.

e_J)    if o-=a + /3

where ea= c[ea, e^],

Then Fa, F¡a ^j e zH5l,ii+ 51*) and their classes in Hl(% Ç+ 51*) map by /*

to those of fa, f\a<ß\, respectively.

By Corollary 2.3 and Theorem 6.1

6.4 Theorem. // g is not of type Aj, A2 or B2, then

f/2(3c, 51)« H2(% §)0 S0 © Hom(W, fy/D.

In particular, dim f/2(3c, 51) = Y2(l + 2) (I - l) + I2 - I - 1 = %H2 + H - 4).

6.5 Description of the cocycles.   (i) Cocycles representing a basis of

H2(5c, g) have been given by Kostant and his description is given in the proof of

Theorem 2.2.   To be more explicit: Let a, ß be distinct simple roots in A+. Let
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a+ rß be the highest root in the ß string containing a, and let A, be the highest

root in A+. Define Kaß e C2(3c, 3c) by

Kaß(ea> e¿ - SßSaW    U O = a + rß,  T = ß,

= 0 if ío-, r\¿\a + rß, ßl

Note that S oSj,\) is the lowest root in the ß string containing the lowest root in

the a string containing A. Observe that Kaß = -Kaaif a + ß 4 A (then S^ ß =

SßSc). Taking any ordering, <, of the simple roots, a basis of //2(3t» g) is repre-

sented by the cocycles \Kaß\ a + /3eAora<ß and a + ß 4 A}.

(ii) The image of SQ in hK% g/3l) is described in 6.3. The Fa, Fj^j

given there correspond to Ga, G|a 0} £ Z2(3c, 31) where:

For a simple

Gaiea> eo^ " te-a' ea^    for a11 CT / a. ffe A+,

Ga(eCT, er) = 0 if a ^ ¡a, rl

For a, ß simple with a + ß e A

Gja,/3!(ea' O = te-/3' eo-J for a ¿ ß>

G\a,ßPß> ea"> = te-a' ^ for a ¿ a>

Gia,/3^eo-' eP = ° for tr, re A, ff / r,

if iff, A n {a, jS! / fa! or {/SI.

(iii) If / represents a coset in Horn (W, fy/D the corresponding class in

//2(3l, 31) is represented by F where F(ea, eß) = [/(ea), e^] - [f(eß), ej noting

that /(e?a) = 0 if a is not simple.

6.6 Remark.   For completeness we describe H20l, 31) when 31 is of type A.

or B2.

In the case of A2 the images of the highest root in A+ through the length-2

Weyl group elements are not in A+.  Hence Im (/í2(3c, 31) —» /72(3c, g)) = 0.   Since

HH^, 31) -♦ Hl(% g) is surjective by Theorem 2.2, we have hK% g/3i) »

/i2(3c, 31). By Theorem 6.1, dim H2(3l, 31) - 5 and representing cocycles are

given in (ii), (iii) above.

In the case of B2, A+ - ia^ a2, ctj + a2, ax + 2a2l. Then S   Sa (at +2a2)

— a, 4 A+, while ^iai(a1 + 2o2) = ar Hence Im(f/2(3t,3l)-.//2(3c, g)) \s

spanned by the class of the cocycle K where

K(ea2' ea1+2a2) = eai;        K(eff,eT) = 0    if {ff, t] / \a2, ttj + 2a2!.

Now we have dim //2(3c, 31) = 6 with representing cocycles K and those given in

(ii) and (iii).
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