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COHOMOLOGY OF NILRADICALS OF BOREL SUBALGEBRAS
BY
GEORGE F. LEGER AND EUGENE M. LUKS(1)

ABSTRACT. Let ¥ be the maximal nilpotent ideal in a Borel subalgebra of
a complex simple Lie algebra. The cohomology groups H’(YR, N, Hl(‘Jl, N*) and
‘the N-invariant symmetric bilinear forms on N are determined. The main result
is the computation of Hz(‘R, RN).

1. Introduction. In his well-known paper [2] Professor Kostant has given an
algebraic description of the cohomology group H*(Il, V) where Il is the maximal
nilpotent ideal of a parabolic subalgebra of a complex simple Lie algebra g and
V is an M-module obtained by restriction to M of an irreducible g-module. In
the course of lectures on this and related matters Professor Kostant pointed out
the problem of computing the cohomology group H*(Il, 1) and stated (indeed it is
written in the introduction to [2]) that he knew H1(R, ) where R is the maximal
nilpotent ideal of a Borel subalgebra of g. As a result of other work on deriva-
tions of Lie algebras we had also obtained H1(R, ) and we describe this set
easily as a consequence of our Theorem 2.4 and Kostant’s [2, Theorem 5.14].

The principal goal of this paper is the computation of H2(%t, 1t). In the
course of this we determine H1(R, N*) and the N-invariant symmetric bilinear
forms on N. To facilitate the use of our results we give a description of these
groups in such a way that they may be read from the root system. In [4], F.
Villiams also determines H!(%, ) and H1(N, N*) by different methods which in-
volve extending Kostant’s Laplacian,

Throughout this paper g will denote a complex simple Lie algebra with fixed
Cartan subalgebra §. We shall assume a fixed linear ordering of the roots with
@,y+++, @, denoting the simple roots where / is the rank of g, i.e. /= dim 0. We
shall denote the set of roots by A and the positive roots by A*. If a = Eﬁl,.l"ia'i
isin A we put |a| = Zl.glni; |a| is called the level of a.

- Z 8as n*= Z 8_q

acAt acAt

Thus g= © § @ N* and the Killing form of g puts the vector spaces R, N*
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in duality. Further we shall sometimes identify %* and Hom (2, C) by means of
the Killing form. We choose a fixed element e, from the (one-dimensional) root
space of @ in such a way that e_, is the dual basis element of e,. We note
that the R-module structure induced on ¢/(§+ N) by the adjoint representation is
the same as the contragredient of the adjoint representation of 2t on itself, i.e,

~(ad e.y)(E_ J=ad ey(e_ @

where y and a are in A*. Henceforth we shall use the same symbol €_  to de-
note the coset e_, + R in ¢/N or e_,+ (5+ M) in g/(§+ N) since the context
will always resolve the ambiguity. As usual, we choose b, in § so that (b, b))

=a(h)forall b in b where ( , ) denotes the Killing form of g.

2. An exact sequence. The Weyl group {0 of g is generated by § ap
S, the reflections in the simple roots, where

a] ’
2a, B) a
(a,a) ™

7

) 5,.(8) = B~

and (, ) denotes the Killing form of g. If s= S“ig. .. Sai- is any element of
{0 then this decomposition is called reduced if any decomposition of s must in-
volve at least j reflections. If this is the case one defines the length I(s) = j.
Next we let ®_={B € A*|s=YB) < 0}. If n(s) is the cardinality of O, then
one has n(s) = Is). (For this see [1, especially Corollary 3, p. 158).) Further one
sees easily from (*) that if a = 25=1”ia’i is in A" where the a; are simple and
the 7, are in Z* and if s(a) <0 with s€ {, then a reduced expression for s
must have § o 353 factor for i for which n; #£ 0. Also one knows that if A =

3! lﬁiai is the highest root of g then n; # 0 for every 1 <i<l. Thus we have

i=

2.1. Lemma. Let A denote the highest root in A* and s an element of .
If n(s) <1 then s(\) > 0.

If 0> N— g —>9N— 0 is the exact'sequence of N-modules arising from
the adjoint representation of  on g we have the usual long exact cohomology

sequence
%

cev = HIG, M) LHI®, g) — HI®, g/R) =+,

2.2 Theorem. If I > j where l=rank g then z;‘.‘ is surjective.

Proof. In [2, Theorem 5.14] a basis of H(X, g) is given consisting of co-
homology classes of cocycles of the form
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e:@e sel, Is)=j

where e. =e¥ A... A e*, with 9, <0,<..-< o’ the ordered elements of <D
and ) is the h1ghest root in’ A*, Such a cocycle is in the image z*(Z’(?R 7
provided e, is in R, i.e. if sA> 0. Thus the theorem follows at once from
Lemma 2.1 and the remarks preceding it.

Remark. If g is of type G, one checks that an element of the Weyl group

which maps the highest root into a negative root must have length at least three. Thus

73 is also surjective in this case.

2.3 Corollary. If g is not of type A,, A, or B, the sequence
0 = HI®, g/M) — HAR, ) — HAR, g)— 0

is exact.

The following is now immediate.

2.4 Theorem. If I=rank §> j then the sequence

0 — HIZ1(R, ¢/M) — HI(R, R) — HIR, g) — 0

is exact.

3. Computation of H!(%, N). In this section we assume g is not of type A P
for in that case %t is one-dimensional and dim H1(%, %) = 1.

Since HO(R, g /M) = HUR, §+ N*) = §, Theorem 2.4 yields the exact se-
quence

0—»5—»111(%, %)—0[{1(%, 9) — 0,

For s € lb, I(s) =1 if and only if s = S, for some simple root a. Thus, by
Kostant’s description of H*(R, ) we see that a basis of H(R, g) is represented
by cocycles of the forme_ , ® €5+ This together with the above exact se-
quence gives

3.1 Theorem. Dim H!(R, N) = 2 x rank of g

3.2 Description of the cocycles. (i) If a, is any simple root let D . de-
note that derivation of R such that

Pe (€20 0) = %1020,

Note that Da,- is a scalar multiple of the derivation of % induced by ad(bai).

(ii) Let A denote the highest root of g. If a is a simple root in A* define
D, as that derivation of % for which

D;(eﬁ) = esa(x) if B = Q,

=0 otherwise.



308 G. F. LEGER AND E. M. LUKS

Note that Sa()t) is the lowest root of the form A - ga.
A basis for HX(R, N) is given by the cohomology classes of the set of co-
cycles D, Daf where a runs through the simple roots.

4. A general result on H(L, L*). Let L be a finite-dimensional Lie algebra
over an arbitrary field ®. Let L* denote the dual space and (L) the L-module
of symmetric bilinear forms on L. For a linear transformation, T, of L we define

T,: B(L) - 'L, L)
via (T#/)(x)(y) = f(Tx, y) for x, y € L. Define
T,: L, L*) — AL, D)

so that T,g is the cup product g UT, that is (T,g)(x, y) = g(x)Ty) - glyXTx).
Then Ty©Ty=0. If T is a derivation of L then T#(fB(L)L‘) czUL, L*),
T(ZYL, L*)) C ZXL, ®) and we have induced maps

T B)L — HUL, L), T3 HYL, L*) - HAL, O).

4.1 Theorem. Suppose L has a derivation T suchthat 1} @ T+T® I
is a nonsingular transformation of L ® L. Then the sequence
T T*
0— B(L)L = HYL, L*) S HAL, ®) — 0
is exact.

Proof. We remark that the nonsingularity of I; ® T+ T® I is equivalent
to the hypothesis that the sum of two characteristic roots of T is never 0. ‘In
particular, T is nonsingular on L. It is useful to consider the transpose, f', of
L®T+T®I,:

T: (L®L* —(L® L),

Note that T preserves the subspaces B(L) and CAL, D) of symmetric and skew-
symmetric functions, respectively. Within these B(L)E, zAL, ) and BZ(L )
are also preserved. (For BXL, ®), note T(5a) = 8(a © T)). _Thus, since T is
nonsingular, f is in one of these subspaces if and only if T/ is.

The theorem follows from the following three observations:

(1) The sequence

T T
0 — BW)L ¥ ZzWL, L*) S ZAL, ) — 0

is exact.
@ TBLE)nBUL, L¥) =0.
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(3) T,(BXL, L*) = BAL, ®).
Proof of (1). Ty is injective since T is surjective, As already noted
im (Ty) Cker(Ty). Let g € ker(T,) N Z!(L, L*). Then, for x,y € L, glx)(Ty) =
g(y)(Tx) Thus, if f(x, y) = g(T=1x)y) for x,y €L, f is in B(L) and Tyf =g
To show f € B(L)L it suffices to show T/ € B(L)L. But 8g =0 yields, for all
x,y,Z€L

0 = 8g(x, y)2) + 8glx, 2)(y) = (TN(ly, ], 2) + (TN, [z, x)) =(x - TNy, 2).

To show T,(ZXL, L*)) = ZXL, ®), we take b € ZAL, ®). Let b' = T~1(b)
and define g € CYL, L*) by glx)(y) = b'(x, y). Since b’ € Z%(L, ®), (5g)x,yX2) =
8b'(x,y,z)=0. Thus g € Z!(L, L*)and

(T,8Xx, y) = b'(x, Ty) + b'(Tx, y) = blx, y).
Hence (1) is proved.

Proof of (2). Take g in CML,L*) such that g=8a with a € L*=C%L, L*). Then
g(x) =x . a forall xin L and so g(x)(y) = —allx, y]) for x, y € L. Now if
g € im (T#) C ker(T,) then

0 = (T,g)x, y) = glx)Ty) - gy(Tx) = —allx, Tyl - ly, T]) = -a(Tlx, y)).

But T is nonsingular, so T(L?) = L2, Thus g=0.
Proof of (3). Let 8z € BAL, ¢) where a € C'(L,®) =L* Let b=aoT" .
Considering b as an element of C°(L, L*) one has T,(5b) = 8a.

5. Computation of H'(%t, %). We shall apply Theorem 4.1 to R. Let T be
the linear transformation of % such that Te_= |ole_ for o € A* where |o| de-
notes the level of the root 0. Then T is a (diagonal) derivation of 3t with only
positive eigenvalues and so it satisfies the hypothesis of Theorem 4.1. Thus we
turn our attention to B,

5.1 Theorem. $(?R)m ={fe .‘B(?R)l/(eq, e) =0 if o or r is not simple}.
Before proving the above we need

5.2 Lemma. Suppose a, B, p are distinct roots in A* with a, B simple and
such that o + B, p+a, p+ B are also in A. Then

(i) a+2B¢ A and p-B €A, or

(ii) B+2a ¢ A and p-a € A,

Proof. Recall that the string of roots of the form

T -r0, f—(f—l)a, soe, T, f+0', ves, r+qa

with g, r nonnegative integers is called the o string containing 7. If ( , ) de-
notes the Killing form of g then 2o, /0, 0)=7~gq. It is well known that 7+ ¢ < 3.
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(1) a+2B¢Aor22+8¢ A
For this, 0 <(d + B, a + B) =(a + B, a) + (a + B, B) and (a + B, a) > 0 implies
2a+ B ¢ A since a -8 ¢ A while (a + B8, 8)> 0 implies a+28 ¢ A,

(2) p—B ¢ A implies p+ a + 2B isin A, For this

2(p+a, B) =2(a, B)+2(P’ B) <=1=-1=-=2,
(8, B BB BB~

Thus the roots p+ a, p+a+ 3, p+ a+ 28 arein A,

B3 p-BeEAorp-acA.
If false, i.e. if p~B ¢ A and p~-a ¢ A, then 2(p, a)/(a, a) <~1. By (2),
p+a+2B €A and

2p+a+2B,a) 2p, a) _AB, @)
(a, a) " (a, ) +2+2 (a, a)

<-1+2-2=-1

so A would have the roots p + a + 28, p + 20 + 28. Since 0 € A implies 20€A,
p can neither be added to nor subtracted from p + 2a + 28 with the result in
A. Thus the contradiction

0=(p, p+2a+2p) 1+ 2p, a) N 2(p, Bls—l.
(p, p) P, (p,p)
Now suppose the lemma false so that, by (1) and (3) (after possibly inter-
changing a, B) we have
a+2Bd A, 2a+Bel, p-BdA p-acA.
Since a, a + 3,202+ B €A, 2Aa, B)/a, a)< -2 or (a, B) <-(a, a). Since 2a,

2p €A, 0=(p-a,p+ a),or (p, p) = (a, a). Now, from (2), p+ @+ and p +
a+ 283 are in A. Thus

0=(p+a,p+a+2B)=(p, p)+2p, a) +(a, a) + 2B, p) + Aa, B)
<(a, a) + 2Ap, @) + (a, @) + 2(B, p) - Aa, a) = 2a+ B, p).
Thus the a + B string containing p cannot contain p + 2(a + B), i.e.
p+2a+2B ¢A.
0<(p+a+2B,a)=(p, a)+(a, a)+ 2B, a)<(p, a)-(a, a)

or

2p, a) )
(@,0) =7

This is impossible since p + a €A.

5.3 Remark. The statement of Lemma 5.2 is similar to an observation made
about A* in [3, Remark 5.2] and the latter is, in fact, an easy corollary of the
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present statement. These properties were discovered by direct investigation of
root tables. We take this opportunity to thank Professor T. A. Springer for sug-
gesting the possibility of a unified proof.

It is interesting to note, as shown in [3], one direct consequence of Lemma
5.2 is that H2(R, )% = 0. Here we shall see that the lemma leads to the deter-
mination of B(M)™® and ultimately to further information about H2(%t, %).

We come now to the

Proof of Theorem 5.1. B(%) is canonically isomorphic to (R@N)* where ®
denotes symmetric product. Then B = (N @N/N . (ROM)* and the statement
of the theorem translates to

ReR2=N. NeN.

Since # ® N2 is spanned by the products e,®e, where 0,7 € A* and
max(|o], |7|) > 1, it suffices to show that

e, ®e,eN-MEN) for 0, 7€ A* and max(|o], |r])> 1.

We proceed by backward induction on max(|a], |7]).
If |7| is maximal write ce, = [e,, e#] with ¢ £0 and a simple. Then

e, (e, @e)) = ey, e]@e, - cle,®¢,)

so that we are done if [e#, e d=0. If [ep_, e,]1#0, o must be simple and p + o
=r=p+asothat 0=a. Then e, (e,®e)=-2de, ® e,) and the result
is proved in this case.

Now suppose the result holds for max (|0}, |7|) > & and that |o] < |7| = k. If
o is not simple ce _=[e,, e5] with a simple, c # 0 so that

e, les@e) = ce,@e, + e5®le,, ¢l

es®[ey e,] isin N - (R@NY by the induction hypothesis and so we are done
if o is not simple,

We suppose now that ¢ is simple. Then 7 cannot be simple so we may write
ce,=[e,, e ] with o simple and c # 0. We have

@) e, - (eo@eﬂ) =[e, eo]©ep+ e, ®e,), and

(ii) e, " (e, ®ey) = [e#, e, loe, - e, ®e,).
Thus we are done if either a + 0 ¢ A or p+ 0 ¢ A. So we may assume

a+oelA, proel, r=a+pel.

By Lemma 5.1 either (a) 0+ 2a ¢ A and p—a €A, or (b) 20+ a ¢ A and
p-0o€A.

In case (a) c'le,, ea]@eﬂ—_- e, (legs ea]@eﬂ_a) with ¢’ #0 so that we are

done by (i).
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In case (b) c'[eﬂ, e Joe,=e - ([eg e,]1® el,_,) and (ii) finishes the
proof.
Vith T(e,) = |o|e,, Theorem 4.1 and 5.1 yield

5.4 Theorem. The sequence

*

0= S HIE, %) 4 B2, ©) — 0
is exact, where § = {f € Hom (%, *)|f(e e ﬁ) = fle ﬁ)(e o and fle Xe,) =0 if

either o or r is not simple} and i* is induced by the injection i: § —Hom (R, N*).

In particular, dim HYR, M) = Y + D+ Yl + 2 -1) =12+ I~ 1.

5.5 Description of the cocycles. It is clear how § is embedded in H(t, ¥).
For the reader’s convenience we have traced the embedding of H2(%t, C) in
HYR, N*). We first explicate the basis of HX%, C) given in [2, 5.14]. Let
a, B be distinct simple roots in A* and let a + 78 be the highest root in the 8
string containing a. Define b,g € Z 4R, C) so that

baB(eo’ e)=1 ifo=a+rB, 7=,
=0 if lo,r}#la + 18, B

Observe that bog=~bhg, if a+B ¢ A*. Taking any ordering, <, of the simple
roots, a basis of H3%(R,C) is represented by the functions

{baﬂla-rBeA or a<fBand a+ B¢ Al
As in the proof of Theorem 4.1, bg gives rise to g,g € Z! (N, N*) where
&plegle) =1 ifo=a+rB, 7=,
=-1 ifo=B,r=a+1rf
=0 otherwise,

(Actually, with Te, = |ole, as before, this gop is r + 2 times the function con-
structed in the proof.) Then a basis for the image of H2(R, C) in H!(RN, N*) is
represented by igaﬁla +B€Aora<Band a+ B £AlL

6. Computation of H!(X, g/N) and H2(N, N). We write g/N = §+ N*, thus
regarding § as a trivial R-module, If f is an element of Hom(%, *) we may write
(A) fleg)= 3 a,e_, for oeA*

rea*

Then { is in the subspace § of ‘‘symmetric maps’’ (as in Theorem 5.4) provided
@y, =ap, and a, =0 if either o or 7 is not simple. Let ‘

}(o = {f € Hom (R, %*)Iawz 0 when o#7 and o +7¢ A},

}(1 = {f € Hom (%, %*)}“ar;o when o=ror 0+ 7€ AL
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Note that the basis given in 5.5 representing the image of H2(Xt, C) in HI, )
is contained in }(, (by the choice of 7, @ + 18 + 8 ¢ A). Now let

S,=5nH, -5k,

Clearly §=§,® §,.
Let W=2,, . (e;). Denote by D the subspace of Hom(W, §) consisting of
maps d such that dle ) C (b,).

6.1 Theorem. HXR, 3/R) =~ 8 & Hom (W, 8)/D. In particular,
dim(H!, ¢/M) =@l =1+ 2 -1=12+1-1.
Proof. We have the exact cohomology sequence
56 % . s*
B, %) 3 B, 5 i, 5+ 2% S aie, 19 2 a2, 9.
Note first that H1(R,5) ~ Hom (%/N2, ) ~ Hom (W, §) and HO(R, R*) ~
2 4 cimple (€_ o)+ With these identifications 5% (e_,) is the map induced by ad(e ). Thus
we see im(8%) =D and so im(:*) ~ Hom(W, 8)/D. We then have a short exact
sequence
0 — Hom (W, §)/D — H(R, § + 7*) — ker(87) — 0.
It remains to show that ker 87 ~ 80'
If { €Z} R, N*), we may lift f to f: N — G+ N* so that im(f) C N*. The

image of the cohomology class of f under 87 is represented by F € C4(R, §)
such that

Fle,, e) = 8(e,, e) = (e, - De) - (e, - e,) = fle,, e,].
Since im F C b one has, referring to equation (A)

(B) Fle,, e,) = ale s e_gl-a,le, e .l .

Suppose f € 50. Then Fle,, e,) =0 unless ¢ and 7 are simple and o+ 7 €
A. Then we may define g € CI(R, B) so that

glle,, e =-Fle,, e;) forall o,7¢ A*.
Then F = §g. Thus 8%(5)) =o0.

It is now sufficient to prove that, if [ represents a cohomology class in
ker(87) then f € H. For then (S, ® HAR, C)) N ker(}) = 0 and the proof is
complete by Theorem 5.4. Choose such an f. With F as before, there must be
some g € C1(N, ) so that §g = F. By equation (B)

-gle,, eD=a,le,,e_j1-a,le,e_] foro reA.
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o+rdAle,,el=0andso 0=a,le,, e_,]1-a,le,e_]. Theresult
follows now from:

6.2 Lemma. If o and r are distinct elements of A* then [e_, e_ol and
le,, e_,] are linearly independent.

Proof. Recall that bﬁ is chosen in § so that (b, bﬁ) = B(b) for all b in B
Clearly, if 0,7, 0+7 are in A* then b =b_+ h. Thus if o= Zn,a with n,
>0, asimple, b, = Znph,. Since [e,,e_,] is a scalar multiple of b, the lemma
follows.

6.3 Description of the cocycles. It is clear how an element of Hom (W, §)/D
gives rise to a class in HI(R, § + N*). However the proof did not explicitly de-
termine ]*(50). We now indicate a basis of this set.

50 is spanned by the functions f,, for a simple, and f{,, g for a,f simple
and o+ B € A* where

e_, ifo=a, E-B if a=a,
faeo,)= /{a’ﬁ!(ec_)z ?_a if 0’=B,
0 otherwise. 0 otherwise.

Define similarly F Fi. g € Ccl(M, 5+ N*) so that

G, ifo=a,

F (e )=
e 0 otherwise.

(E-B if o=a,
E_a if o= B,
Fig gle,) = {clleg e gl -leg, e_g) if o=a+B

where e, = cle,, eﬁ],

\0 otherwise.

Then F, Fi, g € ZU N, 5+ N*) and their classes in HY(R, §+ N map by 7*
to those of [, f a8 respectively,
By Corollary 2,3 and Theorem 6.1

6.4 Theorem. If g is not of type A, A, or B,, then

HA®R, R = HAR, H) @ 8 ) ® Hom (W, §)/D.
In particular, dim HAN, M) = Y1+ (- 1) + 12 = 1-1= 1312+ 3] - 4).
6.5 Description of the cocycles. (i) Cocycles representing a basis of

HXN, 9 have been given by Kostant and his description is given in the proof of
Theorem 2.2. To be more explicit: Let a, 8 be distinct simple roots in A% Let
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a + 78 be the highest root in the B string containing a, and let A be the highest
root in A*, Define K ap € CARN, N by

Kaﬁ(ea, e,) = SﬁSa()\) ifo=a+1B,7=0,
=0 if {o, 1} £ la + 18, Bl

Note that § /350.()0 is the lowest root in the B string containing the lowest root in
the o string containing A. Observe that K 5=~Kg, if a + 8 ¢ A (then §,Sg=
SﬁSa). Taking any ordering, <, of the simple roots, a basis of HXR, g) is repre-
sented by the cocycles {Kaﬂ|a+ B€E€Aora<Band a+fB ¢ Al

(ii) The image of 50 in H!(R, ¢/N) is described in 6.3. The F,, Fio. g}
given there correspond to G, Gy, g} € Z 2(N, N) where:

For a simple

Gyley, ey)=le_s, e ] forall 0£a, ceA®,

Gley, e)=0 if a ¢ {o, rl.

For a, 8 simple with a + B€ A
Gl pllew €5) =le_gse,] for o B,
Gl pllegs eg) =le_g e,] for o #a,
Gl plles €) =0 for o, €A, o #1,
if {o, rinta, Bl #1{al or {BL.

(iii) If f represents a coset in Hom (W, §)/D the corresponding class in
H2R, N) is represented by F where Fle,, ep = [fler), egl - [fep), €] noting
that fle)) = 0 if a is not simple.

6.6 Remark. For completeness we describe H2(, ) when % is of type 4,
or B,. '

In the case of A, the images of the highest root in A* through the length-2
Weyl group elements are not in A*. Hence Im (H2(R, N) — HAR, g)) = 0. Since
HIM, R) = HYR, 9) is surjective by Theorem 2.2, we have H(, g/R) ~
HXR, ). By Theorem 6.1, dim H2(®, %) = 5 and representing cocycles are
given in (ii), (iii) above.

In the case of B,, A*=1a,, Gy» @y + Gy, g+ 2a,} Then S, S, (o +2a,)
=-a, ¢ A%, while .S’(,,[S‘(,‘l(a1 +20,) =a,. Hence Im(H2(R,N) = HAR, 9)) is
spanned by the class of the cocycle K where

K(eaz, Cais20) =€ Kleg,e) =0 if lo,r}#1a,, o) +2a,).

Now we have dim H2(Rt, %) = ¢ with representing cocycles K and those given in
(i1) and (iii).
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